Abstract. The paper presents the theory of the space-time discontinuous Galerkin finite element method for the discretization of a nonstationary convection-diffusion initial-boundary value problem with nonlinear convection and nonlinear diffusion. The discontinuous Galerkin method is applied separately in space and time using, in general, different space grids on different time levels and different polynomial degrees p and q in space and time dicretization. In the space discretization the nonsymmetric, symmetric and incomplete interior and boundary penalty (NIPG, SIPG, IIPG) approximations of diffusion terms is used. The paper is concerned with the analysis of error estimates in "L 2 (L 2 )"-and "DG"-norm formed by the "L 2 (H 1 )"-seminorm and penalty terms. An important ingredient used in the derivation of the error estimate is the concept of the discrete characteristic function and its properties. In the "DG"-norm the error estimates are optimal with respect to the size of the space grid. They are optimal with respect to the time step, if the Dirichlet boundary condition behaves in time as a polynomial of degree ≤ q. In a general case, the derived estimates become suboptimal in time.
Introduction.
During the last decade the discontinuous Galerkin finite element (DGFE) method, using piecewise polynomial discontinuous approximations, appeared as an efficient tool for the space discretization of a number of problems described by partial differential equations. This technique was used first in [43] for the solution of a neutron transport linear equation and analyzed theoretically in [42] . Since this time the DGFE method has been applied to a series of problems and the number of publications concerned with this technique is growing fast. We can mention here only some of them. The DGFE method has been used for the solution of elliptic and parabolic problems ( [2] , [3] , [4] , [44] , [53] ), transport-reaction problems ( [13] ), nonlinear conservation laws ( [14] , [39] ), convection-diffusion linear or nonlinear problems ( [9] , [15] , [24] , [29] , [33] , [40] ), compressible flow ( [6] , [7] , [8] , [18] , [20] , [22] , [30] , [32] [34], [52] )), incompressible viscous flow ( [48] , [51] ), porous media flow ( [49] ), shallow water flow ( [16] ), the Hamilton-Jacobi equations ( [37] ) and the Maxwell equations ( [36] ). In [17] , [38] , analysis of hp-version of the DGFE method is analyzed.
The numerical simulation of strongly nonstationary transient problems requires the application of numerical schemes of high order of accuracy both in space and in time. For some applications, the standard Euler schemes or θ-schemes ( [21] , [44] ) are not sufficiently accurate in time. In computational fluid dynamics, Runge-Kutta methods are very popular. Let us mention, for example the well-known Runge-Kutta discontinuous Galerkin methods (see e.g. [15] ). They are applicable to the numerical solution of a wide class of problems, including nonlinear conservation laws and nonlinear convection-diffusion problems, but they are conditionally stable. An example of unconditionally stable method is the technique using the backward difference formula (BDF). It was used for the solution of compressible flow, e.g. in [20] and analyzed theoretically in the case of a scalar nonlinear convection-diffusion equation in [25] . In the paper [5] , a time discretization of arbitrary order of parabolic problems was proposed and analyzed. Unfortunately, it is applicable to linear problems only.
It appears suitable to use the discontinuous Galerkin discretization with respect to space as well as time for the construction of numerical schemes with high accuracy in space and time for the solution of nonlinear nonstationary problems. The discontinuous Galerkin time discretization was introduced and analyzed, e.g. in [26] for the solution of ordinary differential equations. In [1] , [10] , [11] , [27] , [28] , [46] 2 and [47] the solution of parabolic problems is carried out with the aid of conforming finite elements in space combined with the DG time discretization. See also the monograph [50] . In [29] , the space-time DGFE method was analyzed for a linear nonstationary convection-diffusion-reaction problem. The paper [31] is devoted to the theory of error estimates for the space-time DGFE method applied to a nonstationary convection-diffusion problem with a nonlinear convection and linear diffusion. An important tool in the derivation of error estimates was the time Gauss-Radau numerical integration and interpolation.
In the present paper we are concerned with the space-time discontinuous Galerkin discretization applied to the numerical solution of a nonstationary convection-diffusion problem with nonlinear convection and nonlinear diffusion. The time interval is split into subintervals and on each time level a different space mesh may be used in general. Moreover, the triangulations used for the space discretization may be nonconforming with hanging nodes. In the discontinuous Galerkin formulation we use the nonsymmetric, symmetric or incomplete version of the discretization of the diffusion terms and interior and boundary penalty (i.e., NIPG, SIPG or IIPG versions). For the space and time discretization, piecewise polynomial approximations of different degrees p and q, respectively, are used. We assume that the diffusion coefficient depends on the sought solution, but we do not allow its degeneration, as happens in some physical models. In comparison to the paper [31] , it is necessary to overcome the difficulty in the derivation of the abstract error estimate caused by the fact that the mentioned technique based on the Gauss-Radau numerical quadrature and interpolation is not applicable to the nonlinear diffusion. In this case, the concept of the discrete characteristic function introduced in [10] is used with success. Under the assumption that the triangulations on all time levels are uniformly shape regular, and the exact solution has some regularity properties, error estimates are derived for the space-time DGFE method. These estimates are optimal in time, if the Dirichlet boundary conditions have behaviour in time as a polynomial of degree ≤ q. In a general case, the derived estimates become suboptimal.
The paper has the following structure: First, the continuous problem is formulated. In the next section, the discontinuous Galerkin space-time discretization is introduced. Further, some important assumptions are formulated and auxiliary estimates are established. In what follows, abstract error estimates are proven. These estimates are used for the derivation of error estimates in terms of the sizes of the space and time meshes. Finally, some unsolved problems are mentioned.
Formulation of the problem. Let
be a bounded polyhedral domain and T > 0. We consider the following initial-boundary value problem: Find u :
We assume that g, u D , u 0 , f s are given functions and
(2.5) (If β 0 = β 1 , then we get a problem with a linear diffusion, treated in [31] .) In the derivation and analysis of the discrete problem we assume that the exact solution is regular in the following sense:
Using techniques from [45] , it is possible to prove the existence and uniqueness of a weak solution to problem (2.1) -(2.3).
We use the standard notation of function spaces (see, e.g. [41] ). If ω is a bounded domain, then we 3 define the Lebesgue spaces
< ∞} and the Sobolev space
with the seminorm
We also use the Bochner spaces. Let X be a Banach space with a norm · X and a seminorm | · | X and let s be an integer. Then we define:
Moreover, we set
3. Space-time discretization. In the time interval [0, T ] we shall construct a partition 0 = t 0 < · · · < t M = T and denote I m = (t m−1 , t m ), τ m = t m − t m−1 , τ = max m=1,...,M τ m . For each I m we consider a partition T h,m of the closure Ω of the domain Ω into a finite number of closed triangles with mutually disjoint interiors. The partitions T h,m are in general different for different m.
By F h,m we denote the system of all faces of all elements K ∈ T h,m . Further, we denote the set of all inner faces by F I h,m and the set of all boundary faces by F B h,m . Each Γ ∈ F h,m will be associated with a unit normal vector n Γ , which has the same orientation as the outer normal to ∂Ω for Γ ∈ F B h,m . We
By ρ K we denote the radius of the largest ball inscribed into K.
For a function ϕ defined in
Over a triangulation T h,m we define the broken Sobolev space
Γ . We use the convention that n Γ is the outer normal to ∂K (L) Γ and the inner normal to ∂K
will denote the element adjacent to Γ. For v ∈ H 1 (Ω, T h,m ) and Γ ∈ F h,m we use the notation
Γ . We use the notation
By (·, ·) and · we denote the scalar product and the norm in L 2 (Ω).
If v, w, ϕ ∈ H 2 (Ω, T h,m ) and C W > 0 is a fixed constant., we define the forms
In (3.7), H is a numerical flux with the following properties.
, and is Lipschitz-continuous with respect to u, v.
In the above forms we take θ = −1, θ = 0 and θ = 1 and obtain the nonsymmetric (NIPG), incomplete (IIPG) and symmetric (SIPG) variants of the approximation of the diffusion terms, respectively.
In the space H 1 (Ω, T h,m ), the following norm will be used:
Let p, q ≥ 1 be integers. For each m = 1, . . . , M we define the finite-dimensional space
The approximate solution will be sought in the space
In what follows we shall use the notation
The exact regular solution u satisfies the identity
It is also possible to consider q = 0. In this case, scheme (3.13) represents a version of the backward Euler method. Therefore, we shall be concerned only with q ≥ 1.
Assumptions and some auxiliary estimates.
In the derivation of the error estimates we shall use the S
In [29] , Lemma 4, it was proven that πu is uniquely determined. Our main goal will be the derivation of the estimation of the error e = U − u, which can be expressed in the form
where
Then, in virtue of (3.13) and (3.14), for each ϕ ∈ S p,q h,τ we have
In our further considerations, by C, C 1 , C 2 , . . . ,C,C 1 ,C 2 , . . . we shall denote positive generic constants, independent of h, τ, m, M, K, u, U , which can attain different values in different places.
In the sequel, we shall consider a system of partitions {0 = t 0 < t 1 < . . . < t M = T } with any positive integer M and τ ∈ (0, τ 0 ), τ 0 > 0, and a system of triangulations T h,m , m = 1, . . . , M , h ∈ (0, h 0 ), h 0 > 0, which is shape regular and locally quasiuniform: There exist positive constants C R and C Q , independent of K, Γ, m, M and h, such that for all m = 1, . . . , M and h ∈ (0, h 0 )
Important tools in the analysis of the DGFE method are the multiplicative trace inequality and the inverse inequality: There exist constants
and
(For proofs, see, e.g. [23] and [12] .) We shall also use the inequalities
with any δ > 0, which are the consequence of the definition of the form J h,m and the Cauchy and Young's inequalities. The analysis of the form b h,m ( [19] or [24] ) implies that for each k b > 0 there exists a constant
As for the coercivity of the forms A h,m , we can prove the following result. LEMMA 4.1. Let
Proof. From (3.4) and (3.5) we immediately see that for θ = −1 inequality (4.14) holds. Let us assume 7 that θ = 1. Then, by (3.4) and (2.4),
If we set δ = β0 4β1 and use inequalities (4.7), (4.8) and assumption (4.12), we get
Similarly we prove (4.14) for θ = 0, provided (4.13) is satisfied. 
for any ϕ ∈ S p h,m . Proof. Using (3.4), (3.5), (2.4), the Cauchy inequality and Young's inequality, we find that
Now, this, (4.7), (4.8) and (4.9) yield the estimate
which we wanted to prove.
, we can write
This, conditions (2.2), (2.4), (2.5), (2.7) and the Cauchy and Young's inequalities imply that for any
Now, using the inequalities |U − u| 2 = |ξ + η| 2 ≤ 2 |ξ| 2 + |η| 2 , (4.7) and (4.8), we find that
Finally, choosing
we obtain estimate (4.19).
Similarly we proceed in the proof of (4.20), (4.22) . From the definition of the form a h,m and the properties of the function β it follows that
The use of Young's inequality, the multiplicative trace inequalities (4.7) and the inverse inequality (4.8), for arbitrary δ 1 , δ 2 > 0 imply that
If we put
we get (4.20).
Abstract error estimates.

Estimation of ξ. Let us substitute ϕ := ξ in (4.4). It follows from the definition of the form
A h,m that Im ((ξ ′ , ξ) + a h (U, U, ξ) − a h (U, πu, ξ) + β 0 J h (ξ, ξ)) dt + {ξ} m−1 , ξ + m−1 (5.1) = Im (−a h (U, πu, ξ) + a h (u, πu, ξ) − a h (u, πu, ξ) + a h (u, u, ξ) − β 0 J h (η, ξ)) dt + Im (b h (u, ξ) − b h (U, ξ) − (η ′ , ξ)) dt − {η} m−1 , ξ + m−1 ∀ϕ ∈ S p,q h,τ .
Simple calculation yields
Further, the integration by parts, the relations (η 
This and the choice k a = k b = k c = 16 and δ = 1 16 imply that
Estimate of
Im ξ 2 dt. An important task is the estimation of the term Im ξ 2 dt. The case, when β(u) = const > 0, was analyzed in [31] using the approach from [1] based on the application of the so-called Gauss-Radau quadrature and interpolation. However, in the case of nonlinear diffusion, this technique is not applicable. It appears suitable to apply here the approach from [10] based on the concept of discrete characteristic functions constructed to ξ. We shall proceed in several steps. Let us set
and use the notation ξ m−1+l/q = ξ(t m−1+l/q ).
Proof. Letp ∈ P q (0, 1) be an arbitrary polynomial in t. Since the expressions
are equivalent norms in the finite dimensional space P q (0, 1), there exist constants L q , M q > 0 dependent on q only such that
Using the transformation ψ(t) = t−tm−1 τm and the substitution theorem, we find that
for each p ∈ P q (I m ). The application of these inequalities to the function "t ∈ I m → ξ(x, ·)" considered for a.e. fixed x ∈ Ω, integration over Ω and the use of Fubini's theorem immediately yield (5.5) and (5.6). Now, for each y ∈ I m we define the discrete characteristic function to ξ ∈ S p,q h,τ as ζ y ∈ S p,q h,τ such that where the constant C q depends on q only. Further, we shall return to identity (5.1), where we use the relations (5.3),
and apply Lemmas 4.1, 4.3, inequalities (4.9), (4.10) and Young's inequality. After some manipulation, for any δ 1 > 0, we arrive at the estimate
with constants C 1 , C 2 independent of M, m, h, τ, ξ, η. Now we prove the following important result. LEMMA 5.2. There exist constants C, C * > 0 such that
14)
Proof. First, let us consider q = 1. Then, from (5.13), (5.5) and (5.6) it follows that
, then, under the condition
we get
which already implies (5.14).
Further, let q ≥ 2, l ∈ {1, ..., q − 1} andξ l = ζ t m−1+l/q , where ζ t m−1+l/q is the discrete characteristic function to the function ξ at the point t m−1+l/q defined by (5.9) -(5.10). Hence, by (5.9) -(5.11),
This yields the relations
Now we start from (4.4), where we set ϕ :=ξ l . Then, by (3.6) and the definition of {ξ} m−1 we get
14 This, (5.3) and (5.20) imply that
Using Lemmas 4.2 and 4.3, where we set ϕ :=ξ l , inequalities (4.9), (4.10) and Young's inequality, for an arbitrary δ 2 > 0 we get
This and (5.11) imply that
with a constantC > 0 independent of ξ, η, h, τ . Further, let us multiply (5.21) by
, sum over all l = 1, . . . , q − 1 and add the inequality (5.13) to the result. Then we obtain the inequalitỹ
Hence, by Lemma 5.1,C
This and the choice
lead to the inequality
If the condition 
Proof. 1) Substituting (5.14) in (5.4), we get
The use of the discrete Gronwall's lemma implies that 
from (5.26) we immediately obtain (5.24).
2) It follows from (5.14) and (5.27 ) that [29] for the space-time DGFE approximations of linear convection-diffusion-reaction problems.
6. Error estimate expressed in terms of h and τ . The derivation of error estimates in dependence on h and τ is obtained from the abstract error estimate and estimation of terms containing η. We assume that the exact solution is sufficiently regular, namely In what follows, we shall use approximation properties of the interpolation operators π and Π m and estimates of terms containing η appearing in the abstract error estimates formulated in Theorem 5.3. Their proofs are rather technical and can be found in [31] , Section 5. Here we summarize the necessary results. LEMMA 6.1. For m = 1, . . . , M, K ∈ T h,m and h ∈ (0, h 0 ) we have 
where ψ j ∈ H p+1/2 (∂Ω) for j = 0, . . . , q, then (3.13) . Let conditions (4.5) , (4.6) , (5.15) and (6. 2) be satisfied. Then there exists a constant C > 0 independent of h, τ, m, M, u, U such that
Here γ = 0, if (6.7) holds and the function u D from the boundary condition (2.2) has a general behaviour with respect to t. If u D is defined by (6.9) , then γ = 2 and condition (6.7) is not required.
Proof. In virtue of (3.9) and Lemmas 6.1 and 6.2,
with γ defined in the theorem. This and the inequality h K ≤ h j imply that
Similarly, in view of (4.21), we get Conclusion. The paper is devoted to the theoretical analysis of error estimates of the space-time discontinuous Galerkin finite element method for the numerical solution of a nonstationary equation with nonlinear convection and nonlinear diffusion, equipped with initial condition and Dirichlet boundary condition. It is assumed that the diffusion coefficient depending on the sought solution is bounded from above and from below by positive constants and, hence, does not degenerate to zero. In the space discretization, the NIPG, IIPG and SIPG polynomial approximations of degree p ≥ 1 are used. In time the approximations of degree q ≥ 1, in general q = p, are used. The space meshes may be different on different time levels. It is proven that the error estimate is optimal in space in L 2 (H 1 )-norm, but suboptimal in L 2 (L 2 )-norm. As for the estimates in time, the optimality was obtained under the assumption that the Dirichlet data u D behave in time as a polynomial of degree ≤ q. It is possible to extend the results to the case of a mixed Dirichlet-Neumann boundary condition using estimates from [35] . Another possibility is the derivation of error estimates in the case when the hp space discretization is used.
There are still subjects for further research:
• derivation of optimal error estimates in space and time in the case of the SIPG method,
• analysis of the effect of numerical integration in space and time integrals,
• numerical realization of the discrete problem and the demonstration of results by numerical experiments.
